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1. Introduction 



In constructing compact examples of D-manifolds for type IIB strings some evidence 
has emerged for the existence of a 12 dimensional formulation of type IIB strings, the 'F- 
Theory' The existence of a 12 dimensional viewpoint has been suspected from various 
different viewpoints over the years and also more recently P-|TD| . Let us briefly recall 
the setup in 0. The proposal there was that there is a (10,2) theory underlying the 
type IIB theory. Upon compactifying 1 space and 1 time coordinate, the physical degree 
of freedom of this compactification is characterized by a complex structure r of a torus. 
Thus compactifications of F-theory can also be viewed as compactification on manifolds 
which admit an elliptic fibration — in this way the compactified manifold behaves as if it 
is Euclidean, but via the map discussed in one can translate the geometry to that of a 
(10,2) manifold. In discussing compactifications it is most natural to take this into account 
and consider the manifold as if it is a Euclidean manifold with elliptic fibers. To be more 
precise one is considering an elliptically fibered manifold together with the choice of an 
embedded base manifold. Mathematically this means that we have an elliptically fibered 
manifold together with a choice of a section0. 

Upon compactification of F-theory to 10 dimensions on we get type IIB theory. 
Upon compactification on elliptic K3 we get, as proposed in |jl[], a model dual to heterotic 
strings on T^. It is natural to consider F-theory compactifications on other manifolds, 
and the simplest next case is on a Calabi-Yau threefold leading to = 1 theory in 6 
dimensions. The most general manifold in this class to consider is a Calabi-Yau threefold 
which admits an elliptic fibration. We will divide these into two natural classes: In the first 
class we study elliptic Calabi-Yau manifolds which in addition admit a K3 fibration; in 
other words we consider the case where the K3 fiber itself is elliptically fibered. This would 
be useful for dualities with heterotic strings. The next class would be elliptic fibrations 
which do not admit a compatible K3 fibration. (An example of this was studied in — the 
model there cannot be dual to a heterotic string compactification as it has more than one 
tensor multiplet.) We consider the first case in this paper. The second type as well as 
certain aspects of the first type will be discussed in a forthcoming paper [ITT . 



^ We will assume here that the base intersects the fiber at one point. It would be interesting to 
see whether or not multiple intersections make sense. If they do, they would correspond already in 
10 dimensions to type IIB-like theories which have a [/-duality group corresponding to subgroups 
of SL{2,'K). 
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The outline of this paper is as foUows. In section 2 we consider general aspects of 
heterotic compactifications on K3 and further compactification down to 4 dimensions on 



T . We note some of the type II duals proposed for these models |]T2| and show how they 
lead to natural F-theory duals already in 6 dimensions. We also note the strong coupling 
problem pointed out in |]T^ in this context. In section 3 we discuss certain mathematical 
facts for the elliptic Calabi-Yau threefolds. In particular, just assuming that there is a dual 
F-theory compactifications we can derive the Calabi-Yau manifold needed to compactify 
the dual F-theory; the manifolds we find agree with some of those proposed in [0. Our 
derivation uses results from algebraic geometry for elliptic manifolds going back to the work 
of Kodaira fl^ and others. The present method goes far beyond checking the spectrum 
of massless particles, and in fact can be used as a systematic method to construct type II 
duals for heterotic string compactification on K3 or K3 x T^. We will see examples of this 



in the present paper, postponing a more complete analysis to []11 



In section 4 we discuss the physics that these dualities teach us. This will include 



geometrizing the heterotic/heterotic duality recently proposed in fT^ as well as shedding 
light on what lies beyond the strong coupling transition noted there. It turns out that this 
transition gets mapped on the F-theory side to crossing a wall of the Kahler cone. Luckily 
these kind of situations have been extensively studied in the context of 2d conformal field 
theory and mirror symmetry in ||T5| , p!6| . 

There is some overlap between our work and a concurrently released paper of Aspinwall 



and Gross flT? 



2. Heterotic Compactifications on K3 

In considering compactifications of the heterotic string on a manifold M we have to 
choose which gauge group (5'0(32) or Es x Es) and what type of bundle to use. One 
requirement is that the first Pontryagin number of the bundle should be the same as that 
of the manifold: 

IpiiV) = ^Pi(M). 

For example if we consider compactification on M = K3 and take into account the fact 
that half the Pontryagin number of K3 is 24, we learn that we have to choose instanton 
number 24 for the gauge bundle. An instanton number 24 gauge bundle generically breaks 
50(32) to 5*0(8), so in this case for generic choices of gauge bundle we expect an SO{8) 
gauge symmetry in 6 dimensions. In the case of Eg x Eg the generic gauge symmetry we 
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get depends on how we distribute the instanton numbers (/ci, /C2) among the two Eg^s. If 



they are given by (/ci,/c2) = (12, 12) one can show [|T^ that genericaUy one does not obtain 
a gauge symmetry and the instantons break both the E^^s completely. There are some 
other simple cases that we consider for the sake of examples in this paper including: 



{ki, /C2) 


= (24,0)- 




Es 




= (20,4)- 


-^G = 


El 


[ku /C2) 


= (18,6)- 


-^G = 


Eq 


(/ci, k2) = 


= (12,12)- 


-^G = 


{0} 



In all these cases we can determine which group we end up with by Higgsing as much as 



possible as was done in |T^ . Moreover in the above examples for the resulting gauge group 
G we are left with no charged matter, which is somewhat special. In all of the above cases, 
except for the last one, there was a puzzle raised in = 1 theory in 6d is chiral and 



has potential anomalies. The anomaly 8-form factorizes as [p!8| , p!9| 

^ (trR^ - V trF'^){trR^ - v trF"^) 



16(27r)4 



Moreover it has been shown in that this implies that the gauge kinetic term will contain 
a term of the form 

C oc {ve-^ + ve'^)trF'^, 

where exp(2^) = is the heterotic string coupling constant in 6 dimensions. In all the 
above examples — except the completely Higgsed case of (12, 12) where v = — one finds 
that V and v are both non-zero and have opposite signs. This in particular implies that for 
finite values of heterotic string coupling constant the gauge kinetic term becomes zero at 

exp(-2(^) = — (2.1) 

V 

suggesting a phase transition. We will be able to shed light on this phase transition once 
we construct the F-theory duals of these heterotic vacua. For later use let us list the values 
of v/v that we find for the cases above 

SO{32) ^ — = 2 

V 



(24, 0) — = 6 

V 

(20,4) ^ — = 4 

V 

(18,6) ^ — = 3. 

V 

Upon further compactification on we get a theory in d = 4 with N = 2 super- 
symmetry. For this case there are a number of examples where a dual string theory has 
been proposed corresponding to type II compactification on Calabi-Yau threefolds. For 
example, for the 5'0(32) case the dual proposed is the Calabi-Yau manifold defined 

by 

M50(32) = (W^J"l'l,4,12,18'36). 

Among the other Es x Es examples mentioned above for the first and the last one there 
were duals proposed in [0 ; a counting also suggests duals in the other two cases in terms 
of Calabi-Yau's which are K3 fibrations 1 12 211: 



M(24,0) = (M^P^^,i2,28,42,84) 

M(20,4) = (W-P^i8 2^,30,60) 

M(18,6) = (Vf^P^i,6,i6,24,48) 

M(12,12) = (T^p4i2 8i^,24). 

All of these proposed duals are hypersurfaces in weighted projective spaces with the weights 
(as subscripts) and degree as given above. The last example has been studied extensively 



in the Coulomb phase in 



It is natural to expect that a duality between heterotic strings and type II strings in 4 
dimensions should lead to some statement in the decompactification limit of and thus 
to a statement about a 6-dimensional duality of strings. In fact, as suggested in [Q, there 
is such a duality in terms of F-theory. Consider the case where the manifold M admits an 
elliptic fibration. Then type IIA on M is on the same moduli as M-theory on M X and 
this in turn is on the same moduli as F-theory on M x S"^ x 5"^. So one would expect that the 
six-dimensional heterotic string on K3 in the limit in which decompactifies corresponds 
to the F-theory compactified on M. This can actually also be argued using adiabatic 



This counting was done jointly with Shamit Kachru. 
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arguments [21]: Start from the compactification of F-theory on elliptic K3 which is dual 
to heterotic compactification on T^. Upon further compactification on we would get the 
duality between M-theory on K3 to heterotic strings on [^. Upon compactification 
on we would get the duality between type IIA strings on K3 and heterotic strings on 
[25,26]. However, we can do another thing: We can consider a one parameter family 
of the eight dimensional dual theories, parametrized by P^, in such a way that on the 
-F-theory side we get a Calabi-Yau with an elliptic K3. This automatically implies that 
on the heterotic side we get an elliptic K3 compactification with an appropriate gauge 
bundle. Note that on the F-theory side we have an elliptic fibration over a P ^-bundle 
over yet another P^. In other words the base B of the Calabi-Yau threefold is given by a 
P ^-bundle over P^ with the fiber being T^. Compactifications of this system down from 6 
dimensions to 5 and 4 on and respectively will give the chain of dualities suggested 
above. 

So given the dualities proposed in ]jT^ which admit elliptic fibrations (see also other 
examples in [|2^) we are led to a conjectured duality between F-theory on the same Calabi- 
Yau threefold and heterotic string on K3. 

Let the Hodge numbers of the i^TS-fibered Calabi-Yau manifold which also admits an 
elliptic fibration be given by (/iii,/ii2)- Let us count the multiplets in the 6 dimensional 
sense. Since a tensor multiplet and a vector multiplet in N = 1, d = 6 will both lead to 
vector multiplets in N = 2, d = 4 and the compactification gives rise to 2 additional 
vector multiplets, we learn that r{V) + T = hn — 2, where by r{V) here we mean the 
rank of the vector multiplets and by T the number of tensor multiplets. Moreover since 
the number of hypermultiplets are the same in 6 and in 4 dimensions we learn that we 
have /i2i + 1 hypermultiplets in 6 dimensions. Out of these, /i2i (together with certain 
other modes) correspond to complex moduli of Calabi-Yau. It is a fact that the number of 
complex deformation of an elliptic Calabi-Yau is the same as that of general Calabi-Yau in 
accordance with this count of hypermultiplets. (This will be explained in the next section.) 
The geometric origin of the last hypermultiplet will be discussed below. 

In the context of dualities with the heterotic string we know that T = 1, that is, 
there is only one tensor multiplet upon compactification of the heterotic string on K3. In 
particular the scalar component of this tensor multiplet is the heterotic string coupling 
constant. Note that there are two Kahler modes of F-theory on a manifold whose base 
IS a P ^-bundle over P^, corresponding to the two Kahler classes of the P^'s. Let kf,kb 



correspond to the Kahler classes of the fiber and base P^'s respectively. Then the six 
dimensional heterotic string coupling constant is identified with 

-1 = exp(-2<^) = ^ (2.2) 

The other combination kfki, is part of the extra hypermultiplet left out in the count above. 
To see ( |2.2| ) note that upon toroidal compactification to eight dimensions the heterotic 
string coupling constant is identified with kf [Q. Since we are now considering a 
family of them, and the six dimensional coupling gets rescaled as usual by the volume 
^ X'^/kb, we find the relation (g^. 



3. Mathematical Aspects of Elliptic Calabi— Yau Threefolds 

In this section we discuss some mathematical aspects of elliptic Calabi- Yau threefolds. 
We will mainly concentrate on the case where the base manifold S is a P ^-bundle over 
P^; as explained in the previous section this would be the class of interest in constructing 
heterotic duals. Some of our remarks are however valid for arbitrary base manifold B. 

In constructing heterotic duals the following observations prove to be very crucial: 
Suppose we know a heterotic string has a gauge symmetry G with no matter (for sim- 
plicity). Then the proposed Calabi- Yau dual must have a singularity of type G [p8|-pT 



What this means, recalling the relation between the elliptic fiber and the 7-brane, is the 
following: The regions where the elliptic modulus r — oo correspond to the worldvolume 
of the 7-branes, which consists of a surface E sitting in the base B together with the 6- 
dimensional spacetime. Depending on how the torus degenerates as we approach E C -B, 
we get various type of gauge groups (characterized in the simplest cases of degeneration by 
A-D-E). The regions where the torus degenerates may have several components which 
would be identified as (part of) several 7-brane worldvolumes. Since the ci of the Calabi- 
Yau is zero it relates a particular linear combination of the classes [E^] with the canonical 
class of the base B. This is the generalization to the threefold of the similar statement for 
elliptic K3^s. In that case the regions where the torus degenerates correspond to points on 
the base P^ and the condition for vanishing ci when the fibration is generic is simply that 
we have 24 of them. (The condition is more complicated for non-generic fibrations and 
will be discussed below.) Similarly in the case of elliptic Calabi- Yau threefolds, the linear 
combinations of the classes [E^] will depend on what type of singularities E^ correspond 
to. This will prove very powerful in constructing the Calabi- Yau duals for the heterotic 
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models studied in the previous section and allows one to have a constructive method for 
finding the dual Calabi-Yau. 

Note that eff'ectively what we have learned via F-theory, is that we can talk about 
compactifications of type IIB strings on certain manifolds with ci > 0, and construct a 



compact version of D-manifolds ||2^ , with appropriate 7-brane skeletons arranged to cancel 
the ci. This comment applies to the case of compactification of F-theory in all dimensions; 
note that the worldvolume of the 7-brane intersects the base in complex codimension 1 
which is the correct dimension to cancel the ci of the manifold. For instance for com- 
pactifications of F-theory on Calabi-Yau 4-fold (leading to = 1 in d = 4) the 7-brane 
skeleton inside the Calabi-Yau lives on a 4 dimensional space, i.e. in complex codimension 
1 on the base. 

In this section we first discuss the relation between the classes [E^] and the canonical 
class of the base. We then talk about aspects of P^-bundles over P^. We then apply this 
technology to construct the duals for the heterotic side and recover the predictions of the 
previous section. In the next subsection we discuss the condition of having elliptic fibration 
for Calabi-Yau's. It turns out that not all the -ftrS-fibered Calabi-Yau's admit an elliptic 
fibration. Finally we explain why in the elliptic fibrations of threefolds the number of 
complex deformations is the same as that with relaxing the condition on elliptic fibration. 

3.1. Relation between the Geometry of the Base and the 7-Brane Worldvolume 

The types of singular fibers which can occur on an nonsingular elliptic surface with 
no "exceptional curves of the first kind"! were classified long ago by Kodaira [jl^. All 



of the components of these fibers are P^'s (possibly with singularities), and the ways in 
which they can be joined together are quite constrained. For many of the fibers, the 
P^'s are all nonsingular, and their points of intersection all take the form of two P^'s 
meeting transversally. In this case, it is convenient to represent the fiber by means of a 
so-called dual graph whose vertices correspond to the components of the fiber and whose 
edges indicate which components meet. The list of such dual graphs is precisely the list 
of Dynkin diagrams for the simply-laced affine Lie algebras, and we use the standard 
notation for such diagrams (i.e., Dn, E^) to indicate the type of fiber. We display 



Surfaces with ci = — the case of primary interest for us — have no such "exceptional curves 
of the first kind." 
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Kodaira's results in the first two columns of Table l.S The fibers which are not associated 



to simply-laced affine Lie algebras are displayed in Figure 1. 



Kodaira notation 


Singular fiber 


Weierstrass singularity 




Ii 


Fig. 1 


none 


1 

12 




Ab 


Ab 


b 

12 


II 


Fig. 1 


none 


1 

6 


III 


Fig. 1 


Al 


1 

4 


IV 


Fig. 1 


A2 


1 

3 


llb>0 


Db+4 


Db+4 


2 ^ 12 


IP 


Es 


Eg 


5 
6 


IIP 


El 


Ej 


3 
4 


IV* 


Eq 


Eq 


2 
3 



Table 1 



We have omitted the cases on Kodaira's hst which correspond to so-caUed multiple fibers, 

since these do not occur when there is a section of the fibration (as we are assuming). 
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Figure 1. 

Kodaira found a formula for the canonical bundle of the total space S which takes the 

form 

Ks = 7r*(Kc + ^aiPi), (3.1) 

where the sum is over points Pi in the base C over which the fibers are singular, and the 
coefficients are determined by the type of singular fiber as specified in the last column 
of Table 1. Thus, in order to obtain a K3 surface from this construction we must have 

Kc = -J2''iPi- (3-2) 

This generalizes the "generic" case discussed above, since if all of the singular fibers are of 
type II , then each coefficient is equal to ^ and we find that there must be precisely 24 
of them since Kc has degree —2. 
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Since our fibration has a section, we can form a "Weierstrass model" by blowing down 
all components of each fiber which do not meet the section ||3^. This is the geometric 
model we should expect to use in F-theory, since there is only one "size" associated to the 
fiber. And in fact, the singularities which we introduce in this way are precisely of the type 
(so-called A-D-E singularities) which should lead to gauge symmetry enhancement in the 
type II A theory compactified on K3 [p4| , |33[] . String/string duality predicts that the gauge 
group should be the one whose Dynkin diagram corresponds to the resolution graph of the 
singularity. The singularities we get in Weierstrass models are shown in the third column 
of Table 1. 

Kodaira's formula (|3.1|) was extended by Kawamata [^^, Fujita ||3^], and Nakayama 
||36|| to the case of an elliptic fibration over a base B of higher dimension, where it takes 
the form 

Km = t^*{Kb + ^^ai[Si]) + error term. (3-3) 

The coefficients are again determined by the type of singular fiber at the general point 
of each component of the locus within B on which the elliptic curve degenerates. The 
error term is present due to less accurate control over the birational geometry of these 



spaces in higher dimension; however, thanks to work of Grassi we need not concern 
ourselves with this error term in studying elliptic Calabi-Yau threefolds if we choose our 
birational model correctly.i In particular, in order to get Km to vanish we require: 

KB = -^a,[E,]. (3.4) 

As in the K?> case, there is a "Weierstrass model" obtained by blowing down all 
components of fibers not meeting the section (provided that we start with a good 
birational model ||3^). This Weierstrass model will have curves of singularities, which 
should contribute an enhanced gauge symmetry group to the type II A theory. In fact, 
the curves of singularities arising in Weierstrass models of elliptic fibrations were precisely 
the geometric tool used in to study enhanced gauge symmetry.i As explained there, 
in order to obtain models without charged matter, the components of the locus E must 
not meet each other. (Models with charged matter stemming from intersection points of 



components of E are discussed in |l29| , 

^ Grassi's results require us to allow for the possibility of some mild singularities on the base 
B. However, these singularities will not be present in any of the examples discussed in this paper. 
(In particular, B has a smooth model if the threefold has a Weierstrass model.) 

^ The earlier method of |]28|] based on K?i fibrations can also be used to study the models of 
the present paper. 
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3.2. -Bundles over 

The set of possible P ^-bundles over P^ can be described in a very concrete way. We 
begin with the base P^ represented in the form — {(0,0)}/C*. That is, we let A e C* 
act on the homogeneous coordinates (s,t) by (s,t) i-^ (As, At); P^ is the quotient space by 
that action. 

In order to form a P^-bundle, we represent the fiber in a similar way, as the quotient 
by the action {u,v) i— > {fiu, /iv) for e C* (restricting to {u,vO ^ (0,0)). In order to get 
a nontrivial bundle structure, we should take the homogeneous coordinates u and v of the 
fiber to transform as sections of a line bundle over the base P''^. In other words, under A 
these should transform as (w, v) ^ {X^u, X"^v). By changing the generators of our C* x C* 
action and switching u and v if necessary, we can assume that m = and n > 0. The 
resulting quotient space is known as the minimal ruled surface W^, these are known to be 
all of the possible P ^-bundles over P^. 

When n is even, this manifold is topologically a product of two 5'^'s. The Kahler class 
on such a manifold can be specified by the areas of the two 5'^'s, leading to two Kahler 
parameters kf and ki,- Geometrically, kh is the coeflBcient of the divisor Dg = {s = 0} 
which is the fiber of the P^-bundle. The other generating class kf is trickier to compute, 
but turns out to be the coefficient of Dy + {n/2)Ds, where = {v = 0}. (The cohomology 
ring is naturally generated by Ds, Dy, and Dy = {u = 0}, with a relation Dy = Dy +nDs 
and the intersection pairing determined by Dg ■ Dg = 0, Dg ■ Dy = 1 and Dy ■ Dy = 0. 
It follows that the self-intersection of Dy + (n/2)Ds is 0.) We note for later use that the 
canonical bundle oi B = F„ is given by Kb = —2Dy — (n + 2)Ds. 

A general Kahler class is now specified as k^Dg + kf{Dy + {n/2)Dg). The area of the 
divisor Dy is then given by 

k,D,+k,(D, + (-)D.))=H-(-)k,. (3.5) 
The fact that this area must be positive leads to the inequality 

which defines one of the boundaries of the Kahler cone of F„. The other boundary is given 
by the condition kf >0. 
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3.3. Constructing the F-Theory Duals 

We now turn to the construction of elliptic Calabi-Yau threefolds (with a section) over 
a base B which is one of the surfaces W^. We wish to consider models with no charged 
matter, so we insist that the components of the locus E of degenerate elliptic curves should 
not meet each other. 

The divisor Dy plays a special role on 1F„ in that Dy ■ Dy = —n which is negative 
(when 7T, > 0); we also have Kb ■ Dy = n — 2. If Dy is not one of the components of E, then 
by (p.4|), —Kb can be represented by a divisor with positive coefficients whose components 
do not include Dy. It follows that —Kb ■ Dy > 0, which implies that n < 2. 

On the other hand, if Dy is one of the components of E and has coefficient a„ > in 
the canonical bundle formula (P]^), then 



—2 = {Kb + Dy) ■ Dy = ((1 — ay)Dy + other terms) ■ Dy = (1 — ay)Dy • Dy. 

(The last equality follows from the fact that Dy is disjoint from the other divisors appearing 
in the formula.) This determines the value of n as being n = 2/(1 — a„), if we know the 
singularity type over Dy (and hence the value of ay). Thus, to produce a theory with no 
gauge group we should work with n < 2, while if we want G = 5*0(8), Eq, Ej, or Es we 
find ay = i, |, |, or | so we should use n = 4, 6, 8, or 12, respectively. 

Each Weierstrass model we are seeking can be described as a hyper surface within a 
bundle over B []39| , |3^ , |36| . The fibers of this bundle will be weighted projective spaceJl 



WPi2 35 which we represent in terms of homogeneous coordinates z, x, y (not all zero) 
with an action by G (D* of {z, y) (z^^;, i/'^x, ly^y). The Weierstrass equation will take 
the form 

y"^ = — /(s, t, M, v) xz'^ — g{sj t, u, v) z^, (3-7) 

where / and g depend on the coordinates s, t, u, v of B. As in our constructions of bundles 
in the previous subsection, the coordinates z, x and y should be taken as sections of some 
line bundles over the base, and we can specify which bundles we are using by means of 
their transformation properties under (A, /x) G C* x C* (the group used to construct F^). 
By an appropriate change of basis of (C*)^ we can assume that the action of (A, fx) on z 
is trivial. Moreover, the actions on x and on y are constrained by the fact that y^ and 



^ It is more common in the mathematics Hterature to represent the fibers as ordinary projective 
spaces, but the weighted projective space representation is equivalent. 
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both occur in the equation of the hypersurface, so must transform the same way. The 
upshot is that the transformation by (A, /u) must take the form 

{z, X, y) ^ {z, A2"^2/?^, A^^^u^^y). 

It is convenient at this point to summarize our description in the foUowing way. We 
have homogeneous coordinates s, t, m, f , x, y, z on which (A, z/) act with exponents as 
specified in the foUowing table: 





s 


t 


u 


V 


X 


y 


z 


A 


1 


1 


n 





2a 


3a 













1 


1 


2/3 


3/3 



















2 


3 


1. 



Our Calabi-Yau threefold is obtained by starting with these homogeneous coordinates, 
removing the loci {s = t = 0}, {u = v = 0}, {x = y ~ z — 0}, taking the quotient by 
(C*)"^, and restricting to the solution set of ( |3.7|) . 

In fact, we have just given a description of this Calabi-Yau as a hypersurface in a 
toric variety, and all of the powerful techniques of toric geometry can be brought to bear 
on these examples. (See |T^ for a review in the physics literature.) Alternatively, we can 
use this data to give a linear sigma model description of the theory [|15| . From either point 
of view, there are conditions which must be satisfied in order to get a Calabi-Yau manifold 
from this data (see for a summary in physical terms). The first of these is that the 
monomial stuvxyz should have the same weight as terms appearing in the equation ( |3.7| ). 
This condition immediately lets us solve for the unknown exponents, and we find a = n + 2, 
(3 = 2. The remaining conditions (which, in the language of toric geometry, state that a 
certain polyhedron should be "reflexive") lead to the restriction n < 12; if we also demand 
that the components of E be disjoint from one another (so that there is no charged matter) 
then we are limited to the cases n = 0, 1, 2, 3, 4, 6, 8, 12. 

Notice that we can generically use the second and third C*'s to set the values of v and 
z to be 1. This leaves us with 5 homogeneous coordinates and a single C*; in fact, we have 
mapped our Calabi-Yau to a hypersurface of degree 6n + 12 in VF-Pi^,i,ri,2n+4,3n+6- -^^^ 
cases of n = 4, 6, 8, 12, this reproduces the conjectured heterotic duals with gauge groups 



S'0(8), i?6, El and i^glH Note that this also explains the coincidence observed in |]T2[ that 



^ The case n = 3 corresponds to an SU (3) gauge symmetry with no matter on the heterotic 
side. It is very likely that this is dual to the heterotic model with instanton numbers (9, 15), as 
there is a branch of this model with generic unbroken SU (3) [p^ . The value of heterotic string 
coupling constant where there is phase transition is also consistent with this identification. 
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there seems to be a chain of duahties obtained by shifting the weights of the projective 
space by multiples of (0, 0, 2, 4, 6) (similar remarks appear in [^). Note that in the above 
we have also understood why not all the multiples of (0,0,2,4,6) appear (i.e. why there 
is a gap and a bound for values of n). The cases with n = 0, 1, 2 involve some interesting 
features; we will discuss them in the next section. 



3.4. The (3,243) Models 

The construction of Weierstrass models over 1F„ which we have given above leads, 
for n = 0, 1, 2, to three families of Calabi-Yau threefolds with Hodge numbers (3, 243), all 



equipped with K3 fibrations as well as elliptic fibrations [36| . On the other hand for Es x E; 



heterotic strings there are three classes of instanton numbers where complete Higgsing is 



possible leading to the same Hodge numbers [p!2| , p7| , p!3[] : (12, 12), (11, 13), (10, 14). It is 
natural to try and match the above choices of n with these three cases. It was conjectured 
in [0 that the (12, 12) is dual to the Calabi-Yau given by n = 2 above. Subsequently it 
was conjectured in [|2^ that (10, 14) also lies on the same moduli. If these conjectures are 
both true, one would thus expect that two of the above choices of n are in fact connected. 
This turns out to be the case. As we will see below n = and n = 2 are connected and 
represent the same Calabi-Yau. 

The case n = 2 can be represented in terms of hypersurfaces of degree 24 in 
WPii 2 8 12- Of the 243 complex structure moduli of this family, only 242 are realized 
as deformations of the equation of the hypersurface. In other words, there is one "non- 



polynomial" deformation, reminiscent of the examples studied in |31 



In fact, as in [^, there is a natural locus of enhanced gauge symmetry for these 
models: it corresponds to blowing down the curve in IF2, and the corresponding surface 
lying above it in the Calabi-Yau. Doing so produces a singular Calabi-Yau space with a 



genus 1 curve of Ai singularities. The results of [p9H30| , |3T[| then suggest that we should see 
an enhanced SU{2) gauge symmetry with 1 adjoint of matter along this locus. Indeed, to 
produce the singularities on the Calabi-Yau space, we have had to restrict to codimension 1 
in Kahler moduli, but also to codimension 1 in complex structure moduli (the codimension 
1 space of those complex structures which can be represented within WPf i 2^8,12) ■ 

As in the case of the examples in [^, it is possible to see the full complex structure 
moduli by using a complete intersection model rather than a hypersurface model. The 
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space IF 2 with the curve Dy blown down to a point can be represented as a quadric 
hypersurface in P"^ with a singularity, given by, say 

e^ + C' = 0, (3.8) 

with the homogeneous coordinates being ?], C, r); the polynomials / and g used to 
describe the Weierstrass model can then be represented as polynomials in ^, ry, ( and r of 
degrees 8 and 12. If we perturb ( p.8|) to 

CV + C^ = CT^, (3.9) 



then we get the "non-polynomial" deformations of the Weierstrass model. 

When c 7^ 0, ( |3.9|) defines a surface isomorphic to IFq = x P^. In fact, for generic 
moduli we have reproduced a Weierstrass model over Wq, the n = case mentioned above. 
Thus we see that the n = and n = 2 cases of our construction actually form part of the 
same family. In the next section we connect the cases with n > with strong coupling 



phase transition in the heterotic string JI^. Note that this observation is consistent with 



the recent observation in that if we consider a special subspace of (10, 14) heterotic 



vacuum, the strong coupling puzzle in is avoided in this case by HiggsingB. In the 
above picture we have drawn, this is the same as making a smooth deformation from the 
n = 2 case to the more generic n = case by deforming to the more generic moduli. 

The n = 1 case would appear to be different, however, and it is natural to identify it 
with the (11, 13) Eg x Eg heterotic vacuum^. We can try to use the methods of the previous 
section and map the Calabi-Yau to a hypersurface in WPi i i ^ g, but the Hodge numbers 
associated to that space are (2,272). In fact, our Calabi-Yau maps to a hypersurface within 
WPf I I Q g which is so singular that its Hodge numbers, which are again (3,243), differ 
from that of the generic Calabi-Yau hypersurface in that space. 



^ One can also check, as in section 4 that the value of heterotic string coupling constant where 
a problem is expected to develop is l/A'^ = n/2 = 1 and is consistent with this picture. 

This is also supported by the fact that, as in discussion in section 4, one can check that the 
strong coupling transition occurs at = n/2 = 1/2. 
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3. 5. Condition for Existence of Elliptic Fibration 



Before considering the implications of the above duahties let us note that we do not 
expect that all = 2 dualities between type IIA and heterotic strings in 4 dimensions 
come from = 1 duality between F-theory and the heterotic string in 6 dimensions. The 
reason for this is that some of the dualities may come from first compactifying on and 
then using special moduli of to get enhanced gauge symmetry and then freezing these 
moduli by turning on such gauge fields on the K3. For example the first main example 
in fl^ was of this type. For such cases we thus expect that there should be no elliptic 
fibration. This is not in contradiction with the fact that the corresponding Calabi-Yau 
manifold has a K3 fibration, and that K3 admits elliptic fibrations. The reason for that 
is that not all the K3^s admit elliptic fibrations and this in particular prevents the first 
model considered in ||T^ from having an F-theory dual in 6 dimensions. 

In fact, the conditions for a Calabi-Yau threefold to admit either an elliptic fibration 
or a K3 fibration are quite easy to state [^. In order to have an elliptic fibration, there 
must be an effective divisor D such that (1) D ■ F > for all curves r, (2) = 0, and 
(3) ■ F ^ for some other divisor ^.0 In order to have a K3 fibration, there must be 
an effective divisor D such that (1) D ■ T > for all curves F, and (2) ■ F = for all 
divisors F (which implies that = 0). For a Calabi-Yau with both kinds of fibration, 
the two fibrations will be compatible (i.e., the i^3's will themselves be elliptically fibered) 
if D2 . 5 = 0. 

It is easy to see from the properties of the intersection ring of the first model of W2\ 



that it does not have divisors of the type required for an elliptic fibration. That ring was 
calculated in to be generated by classes H and L with intersection numbers = 4, 



H^L = 2, HL^ = 0, L'^ = 0. The only effective divisors whose triple self-intersection is 
are multiples of L (which define the K3 fibration), and multiples of 3H — 2L. But for the 
latter class, {3H — 2L) ■ £ = —2, where i is the class of a particular on the Calabi-Yau; 
thus, this divisor does not meet part (1) of the stated condition. 



We are omitting one condition here: in order to obtain an elliptic fibration with a section as 
in this paper, we need to demand that D and F can be chosen so that ■ F is a small number. 
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3.6. Counting of Complex Structure of Elliptic Calabi-Yau's 

There is one major difference between the K3 and Calabi-Yau cases of F-theory 
compactification which may appear rather surprising at first sight. In the K3 case, it 
is only at special values of the moduli that an elliptic fibration structure can be found. 
However, for Calabi-Yau's, if one member of a family contains an elliptic fibration then 
the general member of that family will also contain such a structure. We want to explain 
how this comes about. 

In both cases, we can characterize the existence of an elliptic fibration by means of 
the existence of certain effective divisors in the space. The cohomology class of this desired 
divisor would not move as we vary the moduli, but whether that class can be represented 
by an effective divisor can change. In the K3 case, this is very likely to change because 
for generic moduli the class no longer lives in H^'^ but has acquired a component in the 
H^'^ and H^'^ directions — it can no longer be represented by any divisor, effective or not. 
In the Calabi-Yau case, the change if it occurs can not be for that reason. 

The fact that the divisor we need persists at generic moduli in the Calabi-Yau case 
is essentially a consequence of the fact that not only do the divisor classes remain within 
but also [H the Kahler cone is constant for generic moduli. The Kahler cone can 
shrink at special values of moduli, but when it shrinks, it does so away from the locus 
= 0, and so no new elliptic fibration is introduced by the shrinking. 



4. Physical Implications of F-theory /Heterotic Duality 

In this section we discuss the implications of the F-theory/ heterotic dualities con- 
structed above. 

4.1. The Strong Coupling Phase Transition 



It was pointed out in [|T3[ that for generic compactifications of the heterotic string, 
at finite values of the heterotic string coupling constant there will be an infinitely strong 
coupling for gauge fields. Using the relation between the heterotic string coupling constant 
and the ratio of k^/kf (|2.2| ) and using (|2.1| ), we learn that the expected singularities is 
when 

(4.1) 



kf V 

17 



However as shown in the previous section we know that there is a bound for ^ for a 
rational ruled surface: 

kf 2 

where n defines the rational ruled surface IF^ as described in the previous section. We are 
thus led to the identification of 

V - \ 

It is easy to see that in all the examples constructed above this is a correct identity. In 
fact the relation between instanton numbers (/ci, k^) and ^ seems to be very simple. For 
instanton number (/ci, k^) with k\ > 12, we have 

^ = k^-12 

V 

This is true in all the above examples and we believe it to be of general validity (this is 
also related to the observations in [0). We would thus expect the simple identification 

n = fci - 12 

Using this, and the observations in the previous section, we see that the manifold M(/ci, /C2) 
dual to Eg, X Es heterotic strings on K3 with instanton numbers (/ci, /C2) should be given 
as a hypersurface 

M{kuk2) C W^Pf,i,fc,_i2,2fci-20,3fci-30' 

of degree 6/ci — 60, possibly with additional singularities. (For the cases ki = 12, 13, 14 
see the discussion in the previous section). We conjecture that this identification is true 
for all the allowed instanton numbers (and not just the ones we have discussed explicitly). 
In a sense we have derived this using the duality of F-theory and heterotic strings in eight 
dimensions and by using adiabatic arguments which suggests that the Calabi-Yau manifold 
should be elliptically fibered over IF^,,. This is also consistent with the well known- fact that 



there is no elliptically fibered Calabi-Yau threefold over 1F„ for n > 12 [^. Note that 
in this list, the heterotic string with instanton numbers (16, 8) also appears and gives the 
same manifold we have discussed for the SO{32) heterotic string. We thus conjecture that 
Eg X Es heterotic string on K3 with instanton numbers (16, 8) is on the same moduli as 
heterotic string (or Type I string) with 5'0(32) gauge group on K3. 

The identification of the n with —2v/v implies that in all the above examples, except 
for the case of (12,12) compactification of heterotic string where n = 0, there is a bound 



18 



for the heterotic string beyond which there is a phase transition. What can we say about 
this phase transition using the duahty we have found? 

Luckily this type of singularity in the Kahler moduli of Calabi-Yau manifolds has 
been studied extensively before [ p!5|p!6| . However the singularities studied there are in the 
context of sigma models. But in 6 dimensions, F-theory compactifications strictly speaking 
do not correspond to perturbative 'string vacua' as different types of (p, q) strings have been 
used in their construction. Another way of saying this is that the dilaton has been turned 
on and there are points where it gives a large value of the coupling constant. Moreover 
we have used non-perturbative U-dualities even to define the F-theory vacuum. This in 
particular means that we are not necessarily justified in using sigma model techniques to 
study F-theory compactifications. However we will consider the following: Compactify 
first on T^, in which case we get an ordinary type HA compactification on the same 
manifold being dual to the heterotic string on K3 x T^. Then we can use the sigma model 
techniques to study these singularities. What we learn from this investigation is that the 
vacuum makes sense beyond this singularity but it ceases to have an interpretation as a 
compactification on a geometric manifold; in other words we lose the manifold description, 
but we can effectively talk about the vacuum beyond this point. There are in general a 
number of different phases of the theory which can be seen from this sigma model analysis. 
We expect that these different phases correspond to different string compactifications — 
we are studying this issue now in the examples discussed above. Moreover we can also 
use mirror symmetry to construct the type HB duals which would be equivalent to these 
compactifications where we now encounter complex degeneration as opposed to Kahler 
degenerations. This is nicer to study because it implies that we can use the same mirror 
manifold to study beyond the transition and we just have to change the complex structure. 
Thus we will find a geometric description for this phase transition in this way. At any rate 
from this description it is clear that in the four dimensional version certain new modes 
become massless as we are crossing the transition point, just as was the case for the conifold 
point [^ , |47[] and other types of singularities p8|-|3T[] . By considering the large volume limit 



of we can then get insight directly into the six-dimensional transition. We are currently 
studying this in detail in some of the models above. There is preliminary evidence of 



enhanced gauge symmetries at the transition point; the results will be reported in 
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4-2. Heterotic/Heterotic Duality 



Soon after the N = 2,d = 4 dualities were proposed in it was pointed out by 



Klemm, Lerche and Mayr [^2|] that there are other additional symmetries on the heterotic 



side of the type of S" — T exchange symmetry, which is implied by these dualities but remain 
unexplained. On the type II side, this symmetry is a classical geometric symmetry of the 
manifold. This is true for both of the main examples considered in [0 . These were further 
considered in |^,^. One of these cases, the case of (12, 12) imbedding of instantons, was 



recently studied in [jT^ in which a strong/weak self-duality in six dimensions was proposed. 
Upon further compactification on this in particular means, using well-known facts 



the S — T exchange symmetry. Given that the four dimensional duality in fT^ is already 



geometric and given the correspondence we have found with the F-theory compactifications 
on the same manifold, we see that already in 6 dimensions we should be able to see the 
duality proposed in []TB[ as a geometric symmetry on the F-theory side. 

This is essentially obvious given the construction we gave in the previous section: We 
found that the Calabi-Yau threefold can be described as an elliptic fibration over 
where the elliptic fibration is given (in affine coordinates) by 

= - f{zi, Z2) X - g{zi, Z2) 

where (^i, Z2) are the coordinates of the P^ x P^ and / is of degree 8 in each of the Zi and 
g is of degree 12 in each of them. Note that we have 243 complex deformation parameters 
given by 13x 13-1-9x9 — 3 — 3 — 1 = 243 defining the coefficients of the polynomials up to 
SL{2, C) X S'L(2, (D) action and rescaling of x, y. Clearly there is an exchange symmetry if 
we exchange the two P^'s and at the same time change the coefficients of the polynomials 
so that the coefficient of ^^^2 exchanged with that of z[z2 in each of the terms. Note 
that since the heterotic string coupling constant is given by the ratio of the Kahler classes 
of these two P^'s (|2.2| ), exchanging them inverts the heterotic string coupling constant. We 



have thus geometrized the symmetry observed in and at the same time understood its 
action on the (complex part of) hypermultiplets. It is amusing to see how some of the tests 
in 



13] will come out here. Let us do the simplest case and ask on what subspace we will get 
an enhanced SU{2) symmetry. This could have two types of origins on the heterotic side: 
perturbative or non-perturbative through small sized instantons [^. Given the fact that 



on the F-theory side the strong/weak duality is manifest, it suffices to concentrate on one 
of them, say the perturbative side. For the heterotic side if we are interested in getting an 
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SU{2) gauge symmetry perturbatively we have to imbed the instanton number 12 bundle 
in an E7 C Eg, and this gives us a space with 116 real parameters smaller. Noting that 
for us half of the hypermultiplet space is geometrically realized as complex deformation 
parameters (with the other half coming from modes such as turning on the four form A'^) 
we should expect (assuming the enhanced gauge symmetry occurs on the subspace where 
these extra modes are zero) on a real codimension 58 subspace, or complex codimension 
29. 

Note that SU{2) gauge symmetry corresponding to the perturbative symmetry of 
heterotic strings should come from an unbroken part of the gauge symmetry in 10 dimen- 
sions. This in particular means that even in the 8 dimensional limit of K3 we should see 
a gauge symmetry. Let {zi,Z2) denote the coordinates of the fiber and base respectively. 
The above condition translates to having two 7-branes characterized by positions in zi 
coming together. In other words the base would correspond to part of a 7-brane world- 
volume with an Ai singularity (the non-perturbative one will correspond to the fiber JP^ 
corresponding to a 7-brane with Ai type singularity). Let us count how big this space is. 

The 7-brane worldvolume (where the elliptic curve degenerates) is given by the van- 
ishing locus of the discriminant 

A = 4/2 - 27/. 

What we want is for the discriminant to vanish to second order along some curve described 
hy zi = X for some constant A. A will vanish to second order along that curve if and only 
if both A and dA/dzi vanish along zi = A. To get A to vanish we must have 

4/(A,2;2)' = 27^(A,2;2)^ 

To get that to happen for all Z2 we need /(A, 2:2) = 3h{z2)^ and g{X,Z2) = 2h{z2)^ for 
some polynomial h{z2) of degree 4. 

To get dA/dzi to vanish along 2:1 = A we need 

12/(A, Z2ff'iX, Z2) = 54g{X, Z2)g'{X, Z2) 

where we are using /' and g' to denote derivative with respect to zi. Substituting the 
previous result we have 



108h{z2)^f'{X,Z2) = 108h{z2)^g'{X,Z2). 
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The solution to this is (/'(A, Z2) = h{z2)f'{X, 22)- 

Now we count parameters, making Taylor expansions of / and g around zi = X. 
The zeroth order terms are /(A, 2:2) and g{X,Z2), polynomials of degree 8 and 12. For a 
general Calabi-Yau in our family this accounts for 9 + 13 = 22 of the complex parameters. 
Similarly, the first order terms are /'(A,Z2) and g'{X,Z2) and for the general Calabi-Yau 
this accounts for 9 + 13 = 22 additional parameters. However, along the locus of gauge 
symmetry enhancement, these two terms are specified by h{z2) and /'(A, ^2), of degrees 4 
and 8, accounting for only 5 + 9 = 14 parameters. There is one additional parameter given 
by A (the location of the gauge symmetry enhancement). So the complex codimension in 
the full space is 44 — 15 = 29, as expected. 

Note that the strong/weak duality of heterotic strings which is realized on the F- 
theory side by the exchange of the base and fiber implies that the singularity occurs at a 
particular point on the base P^. Since the base is 'visible' to the heterotic side, because of 
the 8 dimensional duality of F-theory with heterotic strings on we see that the dual 

to perturbative gauge symmetries on the heterotic side occurs at moduli where there are 
singularities of the bundle/i^3 at particular points on the base of the K3 on the heterotic 
side. This is in accord with the interpretation of them as heterotic instantons of zero 
size [0|. Actually using the above duality one can in principle analyze a whole class of 



various singularities corresponding to either K3 singularities and bundle singularities and 
translate that into statements about geometric singularities of the elliptic Calabi-Yau on 
the F-theory side. This would be interesting to develop further. 

We would like to thank D. Anselmi, M. Bershadsky, R. Dijkgraaf, S. Kachru and R. 
Plesser for valuable discussions. The research of D.R.M. is supported in part by NSF grant 
DMS-9401447, and that of C.V. is supported in part by NSF grant PHY-92-18167. 
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